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Abstract
Milne-like spacetimes are a class of FLRW models which admit C0 spacetime extensions
through the big bang. The boundary of a Milne-like spacetime can be identified with a null
cone in the extension. We find that the comoving observers all emanate from a single point
in the extension. This suggests that something physical may have happened there. Next we
ask what role these spacetimes have in modern cosmology. We find that Milne-like spacetimes
are inconsistent with classical cosmology theory in which a radiation-dominated era follows
immediately after the big bang. However, Milne-like spacetimes are consistent with inflationary
theory. In fact the very nature of Milne-like spacetimes solves the horizon problem. We note that
this has already been observed for the Milne universe in [2] and [25]. Next we show, assuming a
finite initial condition on the energy density, that Milne-like spacetimes naturally exhibit a slow-
roll inflationary era. This makes Milne-like spacetimes good models for inflationary theory. We
also show that Milne-like spacetimes still admit C0 extensions under well-behaved perturbations.
1 Introduction
Milne-like spacetimes first appeared in [10] as examples of FLRW spacetimes which admit C0 ex-
tensions but may not admit C2 extensions. Apart from the classical Milne model itself, these were
the first such examples to be considered in a systematic way. The question of the C0-inextendibility
of FLRW spacetimes was raised by Sbierski in [23], where he shows that the maximally analytic
Schwarzschild spacetime is C0-inextendible.
The study of C0 extensions is motivated by the strong cosmic censorship conjecture in general rel-
ativity. Roughly, the conjecture states that the maximal globally hyperbolic development of generic
initial data for the Einstein equations is inextendible as a suitably regular Lorentzian manifold. Due
to the analytic complexity of the Einstein equations, a lot of investgation for this conjecture has
been performed on spacetimes with symmetries or perturbations of exact solutions. For results in
the cosmological setting see [21]. For results in the asymptotic setting see [9].
To resolve the strong cosmic censorship conjecture, we need to know what we should take as
‘suitably regular’. In [10] the authors demonstrated the C0-inextendibility of open FLRW spacetimes
which are not Milne-like within the class of spherically symmetric spacetimes. Christodoulou [5]
established a C0-inextendibility result for a class of spacetimes satisfying the Einstein-scalar field
equations also within the class of spherically symmetric spacetimes. However, Dafermos [7, 8]
demonstrated the C0-extendibility of the maximal globally hyperbolic development of solutions to
the spherically symmetric Einstein-Maxwell-scalar field system arising from small perturbations of
Reissner-Nordstro¨m initial data. Moreover, more recently, Dafermos and Luk have announced a
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proof, without symmetry assumptions, of the C0 stability of the Kerr-Cauchy horizon. This gives
strong evidence that the strong cosmic censorship censorship is false in the C0 setting. The current
suggestion for the statement of the strong cosmic censorship conjecture is to require inextendibility
as a Lorentzian manifold with Christoffel symbols in L2loc.
Prior to Sbierski’s work [23], very little was known about the C0-inextendibility of spacetimes.
In fact even the C0-inextendibility of Minkowski space was proved for the first time in [23]. Since
then more results have been found in [10] and [11], but determining exactly what properties within a
spacetime allows one to find a C0 extension or prove no extensions exist remains an elusive problem.
In this paper we investigate what role Milne-like spacetimes have in the modern theory of cos-
mology. It is helpful to view Milne-like models as the Milne universe but with matter. In section
2.1 we briefly go over the theory of C0 spacetimes. In section 2.2 we define Milne-like spacetimes
and show that they admit C0 extensions through the big bang. The boundary of the extension is
a Cauchy horizon in the extended spacetime. In fact its just a null cone. Finally, we show that the
comoving observers (i.e. galaxies) in a Milne-like spacetime all emanate from a single point in the
extended spacetime which can be thought of as the big bang. This begs the question if there was
something physical in the extended spacetime which produced the big bang.
In section 3.1 we review the standard theory of FLRW dynamics. It should be noted that
Milne-like spacetimes are not consistent with the classical theory of FLRW spacetimes where a
radiation-dominated era is assumed immediately after the big bang. In section 3.2 we go over the
theory of inflation and the problems it fixes. In particular we look at the horizon problem. We
show that Milne-like spacetimes solve the horizon problem by pushing the beginning of conformal
time to −∞. It should be noted that this has already been observed for the Milne universe, e.g.
in [2] and [25]. Then we show that Milne-like spacetimes are also consistent with a theory of an
inflaton scalar field. In fact, by assuming an initial finiteness of the energy density, we can obtain a
slow-roll inflationary era for a Milne-like spacetime. In section 3.3 we show that perturbed Milne-
like spacetimes admit C0 extensions, provided, of course, that the perturbed metric is well-behaved
on the past Cauchy horizon. Finally, in section 3.4, using an assumed CPT invariance in general
relativity and its consequence of matter-antimatter repulsion [24], we give some speculative ideas on
the missing antimatter in the universe.
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2 Milne-like spacetimes
Milne-like spacetimes are examples of FLRW spacetimes which admit C0 spacetime extensions be-
yond the big bang. They were first introduced in [10] as a class of FLRW spacetimes which admit
C0 extensions but may not admit C2 extensions. In section 2.1 we briefly review the theory of C0
extensions. In section 2.2 we define Milne-like spacetimes and show that they admit C0 spacetime
extensions. Moreover, we show that the boundary of the extension can be identified with a null cone
in the extended spacetime. Proposition 2.7 shows that all the comoving observers (i.e. galaxies)
emanate from a single point in the extended spacetime. This suggests that the big bang can be
identified with this point in the extended spacetime. This hints at possible physics that could have
started the big bang.
2
2.1 C0 Extensions
The scalar curvature of an FLRW Spacetime with scale factor a(t) and spatial sectional curvature
κ is given by
R(t) = 6
a(t)2
(
a′′(t)a(t) + a′(t)2 + κ
)
(2.1)
We see that limtց0R(t) = ∞ for any reasonable scale factor a(t). Therefore one cannot extend
through the big bang, t = 0, because any extension would have a finite valued scalar curvature
there.
However, since R is built out of twice-differentiable components of the metric, this reasoning only
rules out spacetime extensions with metrics of regularity at least C2. It is worthwhile to ask if there
are extensions with regularity less than C2. Indeed Theorem 2.6 shows that Milne-like spacetimes
are a class of FLRW spacetimes which admit C0 extensions.
Definition 2.1. Let k = 0, 1, 2, . . . ,∞. By a Ck spacetime, we mean a connected, paracompact
Ck+1 manifold M equipped with a Ck Lorentzian metric g such that (M, g) is time-orientable.
Remark. A C2 spacetime admits normal neighborhoods about every point and hence local timelike
maximizers always exist in a C2 spacetime. The geodesic equation is not defined for a C0 spacetime;
however, one still has local causal maximizers even in this setting [11, 22]. In this case the maximizers
may not be timelike due to bubbling phenomenon [6].
Definition 2.2. Given two Ck spacetimes, (M, g) and (Mext, gext) of the same dimension, we say
(Mext, gext) is a C
k extension of (M, g), if (M, g) embeds isometrically as a proper subset of
(Mext, gext). Given a C
0 extension (Mext, gext) of (M, g), we define the following (see [10, 11]):
• The future boundary of M , denoted by ∂+M , is the set of points p ∈ ∂M such that there
exists a C1 future directed timelike curve γ : [0, 1]→Mext with γ(1) = p, γ
(
[0, 1)
) ⊂M .
• The past boundary of M , denoted by ∂−M , is the set of points p ∈ ∂M such that there
exists a C1 future directed timelike curve γ : [0, 1]→Mext with γ(0) = p, γ
(
(0, 1]
) ⊂M .
(M, g)
(Mext, gext)
∂+M ∩ ∂−M
∂+M
∂−M
p
Figure 1: (M, g) is the shaded triangle and (Mext, gext) is just the plane containing (M, g). The point
p ∈ ∂M is neither in ∂+M nor in ∂−M .
The following theorem gives a list of the known facts about C0 extensions. For the proof and
details see [10, 11, 23]. For a proof of the (nontrivial) fact that the maximally analytic Schwarzschild
spacetime admits no C0 extension, see [23].
3
Theorem 2.3 ([10, 11, 23]). Suppose (Mext, gext) is a C
0 extension of (M, g). Then
(1) ∂+M ∪ ∂−M 6= ∅.
(2) If ∂+M = ∅, then ∂−M is an achronal topological hypersurface.
(3) If (M, g) is globally hyperbolic and future timelike geodesically complete, then ∂+M = ∅.
(4) If (M, g) is future one connected and future divergent, then ∂+M = ∅.
If (M, g) is an open FLRW spacetime with reasonable conditions on the scale factor, then one can
invoke either (3) or (4) of theorem 2.3 to conclude that if (M, g) posses a C0 extension (Mext, gext),
then ∂+M = ∅. Hence (2) of theorem 2.3 implies that ∂−M is an achronal topological hypersurface.
We can identify t = 0 with ∂−M .
2.2 Milne-like Spacetimes
Milne-like spacetimes are a subclass of FLRW spacetimes which admit C0 extensions through the
big bang. Our definition of an FLRW spacetime is:
Definition 2.4. Fix κ ∈ R. Let (Σ, h) a complete three-dimensional Riemannian manifold with
constant sectional curvature κ and I ⊂ R an open interval. Let t be a coordinate for I. Define
M = I × Σ. Let η and π be the projections of M onto the first and second factors, respectively.
Define the Lorentzian metric g = −η∗dt2+ (a ◦ π)2π∗h where a : I → (0,∞) is a Ck function. Then
we say (M, g) is a Ck FLRW spacetime. a(t) is called the scale factor . We will abuse notation
and simply write
g = −dt2 + a2h (2.2)
for the metric. The comoving observers are the integral curves of U = ∂/∂t. If a(t) → 0 as
tց ti := inf I, then we say (M, g) admits a big bang .
Before defining Milne-like spacetimes let us recall the Milne universe. This is the FLRW space-
time M = (0,∞) × R3 with metric g = −dt2 + t2h, where (R3, h) is the hyperbolic metric with
constant curvature −1. By covering R3 \ {0} with the hyperbolic coordinates (r, ω) ∈ (0,∞) × S2,
we can write the metric as
g = −dt2 + t2[dr2 + sinh2(r)dΩ2] (2.3)
where dΩ2 is the usual round metric on the two-sphere. Now we demonstrate that (M, g) admits an
extension through t = 0. Define new coordinates T and R on M by
T(t, r) = t cosh(r) and R(t, r) = t sinh(r). (2.4)
One finds (M, g) is isometric to the future cone
I+(O) = {(T,R, ω) | T > R > 0, ω ∈ S2} (2.5)
in Minkowski space (R4,−dT2 + dR2 +R2dΩ2) where O is the origin of R4. The t = constant slices
are hyperboloids in Minkowski space which foliate the above future cone. Hence Minkowski space
is a C∞ extension of (M, g). t = 0 corresponds to the past boundary of M which is given by
∂−M = {(T,T, ω) | T ≥ 0, ω ∈ S2}. (2.6)
Figure 2.2 below shows the Milne universe embedded in Minkowski space.
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TRR O
(Mext, gext) = Minkowski Space
(M, g) = Milne Universe
∂−M
t = constant
Figure 2: The Milne universe. The surfaces of constant t form hyperboloids in (Mext, gext).
We now define Milne-like spacetimes (see [10] for their original and slightly different but equiva-
lent definition). Just like the Milne universe, these spacetimes admit spacetime extensions, but we
can only guarantee that the regularity of the extension is C0. This was first proved in [10], but we
include the proof here for completeness. Again we will find that ∂−M can be identified with some
null cone in an extended spacetime.
Definition 2.5. Let (R3, h) be hyperbolic space with constant curvature κ < 0. Let
M = (0, tmax)× R3 and g = −dt2 + a2h, (2.7)
so that (M, g) is a FLRW spacetime. Define f : (0, tmax)→ R via
a(t) = t
√
|κ|+ f(t). (2.8)
Then (M, g) is Milne-like if limtց0 f(t)/t
1+α = 0 for some α > 0.
Remark. The regularity of a Milne-like spacetime depends only on the regularity of f . The condition
on f implies f(0) := limtց0 f(t) = 0. Hence we can define f
′(0) := limtց0 f(t)/t = 0 and a
′(0) :=
limtց0 a(t)/t =
√|κ|. Note these limits make sense even for a /∈ C1.
Theorem 2.6 ([10]). Suppose (M, g) is Milne-like. Then (M, g) admits a C0 extension.
Proof. Before jumping into all the analysis, let’s give a quick idea of the proof. We introduce a new
parameter b(t) that satisfies b′ = b/a and define coordinates T = b(t) cosh(r) and R = b(t) sinh(r)
just like how we did with the Milne universe. The special form of the scale factor, a(t) = t
√|κ|+f(t),
allows us to extend (M, g) like how we extended the Milne universe.
To simplify matters let’s work in κ = −1 units. We define
b(t) := exp
(∫ t
t0
1
a(s)
ds
)
(2.9)
so that b′ = b/a. Since a is always positive, b is a strictly increasing C1 function and hence invertible
on (0, tmax).
Put b′(0) := limtց0 b
′(t) = limtց0
b(t)
a(t) . I claim that this limit exists and in fact b
′(0) = 1/t0. By
assumption there exists an α > 0 such that limtց0 f(t)/t
1+α = 0. Therefore for any ǫ > 0 there exists
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a δ > 0 such that for all 0 < t < δ, we have |f(t)| < ǫt1+α. Hence t− ǫt1+α < t+ f(t) < t+ ǫt1+α.
Therefore b(t)/a(t) is squeezed between
1
a(t)
exp
(
−
∫ t0
t
1
(s− ǫs1+α)ds
)
<
b(t)
a(t)
<
1
a(t)
exp
(
−
∫ t0
t
1
(s+ ǫs1+α)
ds
)
. (2.10)
Evaluating the integrals we find
1
t0
(
t
a(t)
)(
1− ǫtα
1 + ǫtα0
)−1/α
<
b(t)
a(t)
<
1
t0
(
t
a(t)
)(
1 + ǫtα
1 + ǫtα0
)−1/α
(2.11)
Thus b′(0) = 1/t0.
Let (r, ω) : R3 \ {0} → (0,∞)× S2 be a coordinate chart for R3 \ {0} with the hyperbolic metric
h given by
h = dr2 + sinh2(r)dΩ2. (2.12)
Now we introduce the following coordinates on M
T(t, r) = b(t) cosh(r) and R(t, r) = b(t) sinh(r). (2.13)
Since b ∈ C1 this is a C1 coordinate transformation on M . In terms of these coordinates, the metric
is given by
g = −dt2 + a2(t)[dr2 + sinh2(r)dΩ2] (2.14)
=
1
b′
(
t(T,R)
)2 [− dT2 + dR2 + R2dΩ2]. (2.15)
M is C1-diffeomorphic to
{(T,R, ω) | 0 < R < T, T2 − R2 < b2(tmax), ω ∈ S2} ⊂ R4. (2.16)
Since b′(0) = 1t0 6= 0,∞, there is no degeneracy in the metric at t = 0 with respect to the (T,R, ω)
coordinate system. Thus we can find a C0 extension of (M, g) by defining
Mext =M ∪ {(T,R, ω) | T ≤ R, ω ∈ S2} (2.17)
and
gext =


1
b′
(
t(T,R)
)
2
[− dT2 + dR2 + R2dΩ2] on M
1
b′(0)2
[− dT2 + dR2 + R2dΩ2] on {(T,R, ω) | T ≤ R, ω ∈ S2}
(2.18)
Then (Mext, gext) is a C
0 extension of (M, g). The past boundary of M is given by
∂−M = {(T,T, ω) | 0 ≤ T < b(tmax), ω ∈ S2}. (2.19)
Remark. From the proof of theorem 2.6, it is evident that there are many extensions of a Milne-like
spacetime. This isn’t surprising because a Milne-like spacetime is globally hyperbolic and ∂−M can
be thought of as a past Cauchy horizon.
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(Mext, gext)
(M, g) is Milne-like
∂−M
t = constant
Figure 3: A Milne-like spacetime.
For a general spatial curvature κ < 0, let’s record the relationships between t, r, a, T, R, and b.
b(t) = exp
(√
|κ|
∫ t
t0
1
a(s)
ds
)
b′(0) := lim
tց0
b′(t) =
1
t0
(2.20)
T = b(t) cosh
(
r
√
|κ|) R = b(t) sinh (r√|κ|) (2.21)
t = b−1
(√
T2 − R2) r = 1√|κ| tanh
−1
(
R/T
)
(2.22)
The origin of (Mext, gext) is the point O ∈Mext such that T(O) = R(O) = 0.
Examples of Milne-like Spacetimes
• a(t) = t gives rise to the Milne universe which is most definitely Milne-like. In this case we
can take b(t) = t, and one finds a C∞ extension of (M, g).
• a(t) = tanh(t). In this case we can take b(t) = sinh(t) and so b′(t(T,R))2 = 1 + (T2 − R2).
Again one finds a C∞ extension.
• a(t) = t + t2. In this case we can take b(t) = t1+t . From equation (2.1), we see that the scale
factor obeys R(t)→∞ as tց 0. Thus (M, g) admits no C2 extension, but by theorem 2.6 we
know that it admits a C0 extension.
Proposition 2.7. Let (M, g) be a Milne-like spacetime. Then the comoving observers of (M, g) are
parameterized by the lines T = cR for c > 1. Hence they all emanate from the origin O.
Proof. Recall that the comoving observers of (M, g) are given by the integral curves of U = ∂/∂t.
These are the curves γ(t) = (t, x0) for some x0 ∈ R3. Let r0 := r(x0). Then γ in terms of T and R
are given by
T
(
γ(t)
)
= b(t) cosh(r0
√
|κ|) (2.23)
R
(
γ(t)
)
= b(t) sinh(r0
√
|κ|). (2.24)
Therefore T
(
γ(t)
)
= coth(r0
√|κ|)R(γ(t)). Since coth(r0√|κ|) > 1, this proves the result.
The fact that all the comoving observers emanate from O shows that we should think of O as
the big bang, and it hints at possible physics in the extension (Mext, gext) which could have sparked
the big bang.
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3 Cosmology and Milne-like spacetimes
Now we investigate how Milne-like spacetimes fit in modern day cosmology. In section 3.1 we review
the classical (pre inflation) theory of FLRW spacetimes. We find that Milne-like spacetimes are not
consistent with a universe which has a radiation era immediately after the big bang. Theorem 3.6
gives the initial conditions of the energy density and pressure function of a Milne-like spacetime.
These quantities depend on the behavior of the second and third derivative of the scale factor at
t = 0.
In section 3.2 we go over inflationary theory and the horizon problem. By nature of the scale
factor of a Milne-like spacetime, we observe that Milne-like spacetimes precisely solve the horizon
problem. We remark that this was already noted in [2] and [25] for the Milne universe. Moreover,
if one assumes an inflaton field φ with a potential V (φ), then we can write Friedman’s equation
for the inflaton directly in terms of the scale factor. In fact, by assuming the energy density was
initially finite, we can naturally exhibit an era of slow-roll inflation. Hence we believe that Milne-like
spacetimes are good models for inflationary theory.
In section 3.3 we show that Milne-like spacetimes still admit C0 spacetime extensions under
perturbations which are well-behaved at the big bang. This gives us a plethora of physical spacetimes
which admit C0 extensions. Finally, just for amusement, in section 3.4 we give some speculative
ideas on the origins of the missing antimatter in the universe.
3.1 FLRW Dynamics
In this section we collect the basic theory of FLRW spacetimes and its dynamics. We will assume
homogeneity and isotropy of the spacelike slices hold for all time. Since this theory is standard we
omit most of the details of the proofs.
Proposition 3.1. Let (M, g) be a C2 FLRW spacetime. Let U = ∂/∂t and let X and Y be vector
fields on M orthogonal to U . Then
(1) ∇UU = 0
(2) ∇XU = (a′/a)X
(3) Ric(U,U) = −3(a′′/a).
(4) Ric(U,X) = 0.
(5) Ric(X,Y ) =
[
2(a′/a)2 + 2κ/a2 + a′′/a
]
g(X,Y )
(6) R = 6[2(a′/a)2 + κ/a2 + a′′/a].
Proof. These equations follow from the fact that (M, g) has the geometric structure of a warped
product [1, 16]. Alternatively, one can use local coordinates and the isotropy of the spatial slices to
obtain these calculations [3, 26].
If (M, g) is a C2 FLRW spacetime, then the energy-momentum tensor T is a C0 symmetric (0, 2)
tensor on M given by the Einstein equation
Ric− 1
2
Rg = 8πT . (3.25)
Let ̺ = T (U,U) and p = T (X,X) for any X ⊥ U with g(X,X) = 1. Proposition 3.1 shows that p
is independent of the choice of X and so T decomposes as a perfect fluid
T = (̺+ p)u⊗ u+ pg, (3.26)
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where u = g(U, ·) is the one-form metric equivalent of U = ∂/∂t.
To incorporate vacuum energy in our theory, we decompose T into two symmetric (0, 2) tensors
T = T + Tvac. We require that each respects the isotropy of the spatial slices so that we can write
T = (ρ+ p)u⊗ u+ pg (3.27)
Tvac = (ρv + pv)u⊗ u+ pvg. (3.28)
The idea here is that T represents ordinary matter fields. When T doesn’t behave like T (e.g. dark
energy), we call the deviation Tvac.
If 8πTvac = −Λg for some Λ ∈ R, then we call Λ the cosmological constant. In this case we have
ρ = ̺+Λ/8π and p = p−Λ/8π. Since current observations suggest the presence a small positive Λ
[3, 27], we will be mostly interested in the case 8πTvac = −Λg. Proposition 3.1 gives us the following
results.
Proposition 3.2. Let (M, g) be a C2 FLRW spacetime. The left column is for a general energy-
momentum tensor T . The right column assumes T = T − (Λ/8π)g.
(1) T = (̺+ p)u⊗ u+ pg
(2) −8πp = 2a′′/a+ (a′/a)2 + κ/a2
(3) 8π̺/3 = (a′/a)2 + κ/a2
(4) 3a′′/a = −4π(̺+ 3p)
(5) ̺′ = −3(a′/a)(̺+ p)
(6) T = (ρ+ p)u⊗ u+ pg − (Λ/8π)g
(7) −8πp = 2a′′/a+ (a′/a)2 + κ/a2 − Λ
(8) 8πρ/3 = (a′/a)2 + κ/a2 − Λ/3
(9) 3a′′/a = −4π(ρ+ 3p) + Λ
(10) ρ′ = −3(a′/a)(ρ+ p)
Proof. The statements on the right follow from the corresponding statements on the left. If g ∈ C3,
(5) is a consequence of divT = 0. However when g ∈ C2, (5) can be derived by multiplying (3) by
a2 and differentiating.
Through observations originally made by Hubble, we find a′(t0) > 0 where t0 represents our
current cosmic time. If we also assume a′′ < 0, then it follows from basic calculus that a big bang
must have occurred. Thus we have the following classical theorem.
Theorem 3.3. Let (M, g) be a C2 FLRW spacetime. Suppose a′(t0) > 0 for some t0. If ̺+ 3p > 0
or, assuming a cosmological constant, ρ+ 3p > Λ/4π, then (M, g) admits a big bang.
In the dense early universe (but after inflation), the largest contribution to the energy-momentum
tensor T was due to photons and other relativistic particles. Relativistic particles obey an equation
of state, ρ = 3p. Then, after the universe cooled and expanded, ordinary matter became the main
contributor to T . In this case the pressure between matter particles is insignificant compared to the
energy density, so we take p = 0. Lastly, T is dominated by Λ when the universe has expanded large
enough so that the matter density ρ is much smaller than Λ. These three scenarios are modeled in
the following definition. The scale factor is easily solved in each case.
Definition 3.4. Let T be an energy-momentum tensor with a cosmological constant Λ.
• T is matter-dominated when ρ > 0, p = 0, Λ = 0
• T is radiation-dominated when ρ = 3p > 0, Λ = 0
• T is Λ-dominated when ρ = p = κ = 0, Λ > 0.
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Proposition 3.5. Let (M, g) be a C2 FLRW spacetime. Then
ρ ∝


a−3 if T is matter-dominated
a−4 if T is radiation-dominated
0 if T is Λ-dominated
a(t) ∝


t2/3 if T is matter-dominated
t1/2 if T is radiation-dominated
e
√
Λ
3
t if T is Λ-dominated
Proof. Suppose T is matter-dominated. Then ρa3 is constant by (10) of Prop. 3.2. Then a2a′′ ∝ −1
by (9) of Prop. 3.2. Hence a(t) ∝ t2/3. A similar analysis gives the result for the other two cases.
Remark. Classical FLRW theory (i.e. before inflationary theory) says that the universe went through
a radiation-dominated era which is then followed by a matter dominated era. If we assume the
universe started with a radiation-dominated era, then a(t) ∝ √t shows that the universe could not
be Milne-like.
Let’s assume ̺ is made up of the following quantities
̺ = ρm + ρr + ρΛ. (3.29)
Here ρm ∝ a−3 represents the matter density of the universe. This consists of normal baryonic
matter and also dark matter. ρr ∝ a−4 represents the radiation density of the universe. This
includes photons, gravitons (i.e. gravitational waves), and neutrinos (in the early universe). Lastly,
ρΛ = Λ/8π represents the dark energy density of the universe. Let us also define ρκ = −3κ/8πa2.
Then equation (3) from proposition 3.2, which is known as the first Friedman equation, can be
rewritten in the following form
H2 =
8π
3
(ρr + ρm + ρκ + ρΛ). (3.30)
where H = a′/a is called the Hubble parameter. Let H0 = H(t0) be the Hubble parameter evaluated
at our cosmic time t0. We define the critical density as ρcrit = 3H
2
0/8π. The dimensionless density
parameters are Ωm = ρm(t0)/ρcrit and likewise for Ωr, ΩΛ, and Ωκ. Therefore Ωr+Ωm+Ωκ+ΩΛ = 1.
In terms of these density parameters, Friedman’s equation becomes
(
H
H0
)2
= Ωr
(a0
a
)4
+Ωm
(a0
a
)3
+Ωκ
(a0
a
)2
+ΩΛ (3.31)
where a0 = a(t0). By calculating the cosmological redshift of Type 1A supernovae [27], a good
prediction for these density parameters are
Ωr = 9.4× 10−5, Ωm = 0.32, |Ωκ| ≤ 0.01, ΩΛ = 0.68. (3.32)
The peculiar fact that ΩΛ is on the same order of magnitude as Ωm has led some scientists to believe
that Tvac does not take the form of a cosmological constant and instead is actually time-dependent
[27]. This theory for dark energy is called quintessence and is usually modeled by a scalar field φ
with a potential V (φ). One model of quintessence which has become very popular is the inflaton.
This scalar field is suppose to model a theory of inflation by a slow-roll potential V (φ). We explore
the relationship between the inflaton and Milne-like spacetimes in the next section.
Now we wish to understand the initial conditions on ̺ and p for a Milne-like spacetime. Recall
that if a ∈ C2, then we define a′′(0) := limtց0 a′′(t) if the limit exists. If a′′(0) exists, then we define
a′′′(0) := limtց0
1
t
[
a′′(t)− a′′(0)]. Note this definition makes sense even if a /∈ C3. We extend this
notation convention for other strictly t-dependent functions on M . For example ̺(0) := limtց0 ̺(t).
Also we are working in the extended real number system with its usual ordering. For example
a′′(0) > 0⇒ a′′(0) ∈ (0,+∞].
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Theorem 3.6. Let (M, g) be a C2 Milne-like spacetime and suppose a′′(0) exists. Then
8π̺(0) =


+∞ if a′′(0) > 0
−∞ if a′′(0) < 0
3α if a′′(0) = 0 and a′′′(0) = α
and
8πp(0) =


−∞ if a′′(0) > 0
+∞ if a′′(0) < 0
−2α/√|κ| − α if a′′(0) = 0 and a′′′(0) = α
Proof. By (3) in proposition 3.2, we have
8π̺/3 = (a′/a)2 + κ/a2 =
1
(t
√|κ|+ f)2
[
2
√
|κ|f ′ + (f ′)2] = (f ′/t)
[
2
√|κ|/t+ f ′/t]
(
√|κ|+ f/t)2 . (3.33)
Recall that f ′(0) := limtց0 f(t)/t = 0 and f
′′(0) := limtց0 f
′(t)/t. Therefore ̺(0) =∞·f ′′(0) when
f ′′(0) ∈ [−∞,+∞] \ {0}. Since a′′(0) = f ′′(0), this gives the first two cases for ̺(0). Now we work
the case a′′(0) = 0 and a′′′(0) = α. Let’s first consider α ∈ (−∞,+∞). Given ǫ > 0 there exists a
δ > 0 such that for all 0 < t < δ, we have |f ′′(t)/t− α| < ǫ. By integrating this expression, we find
that t ∈ (0, δ) implies (α − ǫ)t/2 < f ′(t)/t < (α + ǫ)t/2. Plugging this into equation 3.33 gives the
result. The cases α = ±∞ are similar.
The statements for p(0) now follow from (2) of proposition 3.2:
− 8πp = 2a′′/a+ 8π̺/3 = 2f
′′/t√|κ|+ f/t + 8π̺/3. (3.34)
Remark. It’s interesting that the initial conditions for ̺ and p satisfy ̺(0) = −p(0) in κ = −1 units.
These are the same conditions for a vacuum energy with a cosmological constant: ρv = −pv = Λ/8π.
When we do assume a cosmological constant we have the following equivalent formulation of
theorem 3.6.
Corollary 3.7. Let (M, g) be a C2 Milne-like spacetime with a cosmological constant Λ. Suppose
a′′(0) exists. Then
8πρ(0) =


+∞ if a′′(0) > 0
−∞ if a′′(0) < 0
3α+ Λ if a′′(0) = 0 and a′′′(0) = α
and
8πp(0) =


−∞ if a′′(0) > 0
+∞ if a′′(0) < 0
−2α/√|κ| − α− Λ if a′′(0) = 0 and a′′′(0) = α
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3.2 Inflation
There are three problems with classical cosmology which are solved by a theory of inflation. They
are the horizon, flatness, and magnetic-monopole problems.
(1) The Horizon Problem. The cosmic microwave background provides excellent evidence for the
homogeneity and isotropy of our universe. A likely explanation for the homogeneity and
isotropy of the universe is through some sort of thermalization process much like how air
molecules in a room will distribute themselves in a homogeneous and isotropic way given
enough time.1 The problem is if we assume the classical FLRW theory, then there are parts of
the CMB background whose causal pasts are disjoint. If they could not communicate with each
other, then how did they did thermalize? An inflationary era before the radiation-dominated
era allows for such communication to occur.
(2) The Flatness Problem. In equation (3.32) we saw that Ωm + ΩΛ ≈ 1. Why is |Ωκ| so small?
This is very peculiar since equation (3.31) implies that the curvature parameter redshifts more
slowly than Ωm as the universe expands. One explanation is that κ = 0. Alternatively, an
inflationary era would expand the universe so large that the observable universe would just
look flat. This is similar to how the surface of the Earth looks flat to a person because its
curvature is comparatively large.
(3) The Magnetic-Monopole Problem. Certain grand unified theories predict the existence of sta-
ble magnetic monopoles. However no such magnetic monopoles have been experimentally
detected. An inflationary era before the production of magnetic monopoles could have sig-
nificantly reduced their density so that very few or maybe none exist within our observable
universe.
Of these three the horizon problem is the most important. The others can be explained without
inflation [27]. Therefore we will focus on the horizon problem and demonstrate how a Milne-like
model gives a resolution.
Let (M, g) be an FLRW spacetime. For simplicity let’s assume the spatial slices are simply
connected. To understand how an inflationary era solves the horizon problem, it is convenient to
work with conformal time τ . This is defined by the differential dτ = dt/a. The metric in (τ, r, ω)
coordinates is
g = a2
[− dτ2 + dr2 + S2κdΩ2] (3.35)
where
Sκ(r) =


sin(
√
kr)/κ if κ > 0
r if κ = 0
sinh(
√|k|r)/|κ| if κ < 0
(3.36)
Given a point p ∈ M , its causal past is the set J−(p) of all points q ∈ M such there is a future
causal curve joining q to p. We also include p ∈ J−(p). Physically J−(p) is the set of points in M
which can influence p. We can parameterize ∂J−(p) with the coordinates τ and r. Put τp = τ(p)
and rp = r(p). Then given any q ∈ ∂J−(p), we have
τp − τ(q) = |rp − r(q)|. (3.37)
Let ti = inf I where I is the interval on which t is defined. Put τi = τ(ti). Consider a sequence of
points {qn} such that τ(qn)→ τi and ω(qn) is constant for all n. Put ri = limn→∞ r(qn). Note that
1This analogy isn’t perfect. When air molecules distribute themselves in a room they also increase the entropy in
the room. However we know that the early universe was both very isotropic and very low in entropy. See [19, 20] for
more details on this point.
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ri is independent of the choice of {qn} and that ri ∈ [0,∞]. The quantity χp := |rp − ri| is called
the particle horizon at p. It’s given by
χp = |rp − ri| = τp − τi =
∫ t(p)
ti
1
a(t)
dt =
∫ ap
ai
1
aa′
da (3.38)
where ap = a
(
t(p)
)
.
Now let’s assume the universe began in a radiation dominated era. Then ρ ∝ a−4 and from (3)
of proposition 3.2, we have (a′/a)2 = C2a−4 where C > 0 is some proportionality constant. We
neglect the curvature term because it becomes insignificant when a is small. Therefore 1/aa′ = C.
Plugging this into equation 3.38, we have
χp = τp − τi = C(ap − ai). (3.39)
In a radiation dominated era a(t) ∝ √t, so we can assume ai = τi = 0. This is the problem. The
particle horizon is finite. This means if we take two points p and q on the CMB which are separated
by a distance greater than χp, then J
−(p) ∩ J−(q) = ∅. In fact assuming the universe began with a
radiation doinated era, then the CMB is made up of 104 disconnected patches. How is it possible
for all these disconnected patches to have an almost-perfectly isotropic temperature?
A resolution of the horizon problem is to push the initial conformal time down to τi = −∞. If
we examine equation (3.38), we see that this is achieved if
∫ t(p)
ti
1
a(t)
dt =∞. (3.40)
Theorem 3.8. If (M, g) is Milne-like, then a(t) satisfies (3.40). Hence Milne-like spacetimes solve
the horizon problem.
Proof. Let’s work in κ = −1 units. Then a(t) = t+ f(t) and a′(0) := limtց0 a(t)/t = 1. So for any
ǫ > 0 there exists a δ > 0 such that |a(t)t − 1| < ǫ for all 0 < t < δ. Hence 1a(t) > 1(1+ǫ)t for all
0 < t < δ, and so
∫ δ
0
1
a(t)dt =∞.
Lastly, let us show that Milne-like spacetimes are consistent with a theory of an inflaton. An
inflaton is a scalar field φ (i.e. a sufficiently smooth function on M) on an FLRW spacetime (M, g).
Its energy-momentum tensor Tφ is given by
Tφ = dφ⊗ dφ−
[
1
2
g(∇φ,∇φ) + V (φ)
]
g (3.41)
where V (φ) is the potential of φ. If we assume that Tφ respects the isotropy of the spatial slices,
then φ should be solely a function of t. Therefore its energy density is given by ρφ =
1
2φ
′2 +
V (φ). Assuming (M, g) is Milne-like and Tφ dominates the energy-momentum tensor T , Friedman’s
equation (equation (3) of proposition 3.2) implies
(3/8π)
[
(a′/a)2 − 1/a2] = 1
2
φ′2 + V (φ). (3.42)
Here we are working in κ = −1 units to simplify things. In these units we have a(t) = t+ f(t), so
the above expression yields
(3/8π)
2f ′ + f ′2
(t+ f)2
=
1
2
φ′2 + V (φ). (3.43)
By choosing a sufficiently smooth V , the existence of such a φ follows from standard existence and
uniqueness theorems of ODE theory.
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Moreover, if we appeal to theorem 3.6, and assume f ′′(0) = 0 and f ′′′(0) = α ∈ R, then we have
ρφ(0) = 3α/8π. Therefore for t sufficiently small, we have
1
2φ
′2 + V (φ) ≈ constant. Hence, for this
sufficiently small t and V (φ) ≈ −constant, we have φ′ ≈ 0. This gives an era of slow-roll inflation.
In our opinion the arguments made in this section make Milne-like spacetimes good models for
inflationary theory.
3.3 Perturbations
Cosmological perturbation theory has enjoyed a lot of success in understanding the anisotropies of
the CMB spectrum and galaxy formation. Moreover, density perturbations of the inflaton scalar
field arising from quantum fluctuations could produce gravitational waves which would have left an
imprint on the CMB. Finding these imprints is a very active area of experimental research [14, 27].
In this section we will show that one can have perturbed Milne-like space times and, under
suitable conditions, they also admit C0 extensions.
In perturbation theory an exact solution g¯ of Einstein’s equation is known. We represent this by
E(g¯) = 0. Finding other exact solutions is really difficult since the equation E(g) = 0 is nonlinear.
Therefore we hope there is a one-parameter family g(ǫ) which solves Einstein’s equation, that is,
E(g(ǫ)) = 0. ǫ should measure how ‘far away’ g is from g¯. We require that g(0) = g¯ and g(ǫ) is
ǫ-differentiable. Therefore we can take the derivative ddǫE
(
g(ǫ)
)∣∣
ǫ=0
= 0. This is a linear equation
in terms of σ = g′(0). If we can solve this, then g¯ + ǫσ should be a good approximation to g(ǫ).
Let us assume now that we have chosen a sufficiently small ǫ and replace g¯ with g and ǫσ with
σ. Then the perturbed metric is g + σ. If (M, g) is Milne-like, then we call (M, g + σ) a perturbed
Milne-like spacetime provided, of course, that σ does not deviate so much from g so that g + σ is
still a Lorentzian metric onM . Under what conditions does a perturbed Milne-like spacetime admit
a C0 extension? To answer this let’s first make a definition.
Definition 3.9. Suppose (M, g) is Milne-like. A C0 tensor field T on M is well-behaved at ∂−M
if T extends continuously onto ∂−M . In this case we still use T to denote the extended tensor field
on M ∪ ∂−M which is unique by Hausdorffness.
Theorem 3.10. Suppose (M, g+σ) is a perturbed Milne-like spacetime. If σ is well-behaved at ∂−M
and g + σ is a Lorentzian metric for all points on ∂−M , then (M, g + σ) admits a C0 extension.
Proof. The proof is rather trivial with the definition given. The well-behavedness property al-
lows us to extend g + σ continuously on ∂−M which is parameterized by T = R. Then since
g(T,T, ω)+ σ(T,T, ω) is a Lorentzian metric for all T and ω, we can find a C0 extension by defining
gext(T,R, ω) := g(T,T, ω) + σ(T,T, ω) for points T ≤ R on constant ω.
Recall that in the proof of theorem 2.6, the definition of b(t) was independent of choice of
t0 ∈ (0, tmax) and that b′(0) = 1/t0. We can take advantage of this to determine when g + σ is
a Lorentzian metric on ∂−M . To simplify things let’s assume tmax = +∞ which, thanks to the
cosmological constant, is what is predicted for our universe.
Corollary 3.11. Suppose (M, g + σ) is a perturbed Milne-like spacetime with tmax = +∞. If σ
is well-behaved at ∂−M and the components of σ are uniformly bounded on ∂−M , then (M, g + σ)
admits a C0 extension.
Proof. In the proof of theorem 2.6, we can choose t0 as large as we want. If the components of σ
are bounded by C < +∞, then by choosing t0 ≫
√
C, we can ensure that g(T,T, ω) + σ(T,T, ω) is
a Lorentzian metric for all T > 0 and ω. Therefore the result follows from theorem 3.10.
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When perturbation theory is actually performed, the perturbed metric σ is simplified by making
use of the fact that σ is invariant under coordinate transformations. This is known as choosing a
gauge. Different gauge choices allows one to study different aspects of cosmology. We can formu-
late C0 extension theorems while working in a preferred gauge. Let us demonstrate this with the
Newtonian gauge which has been useful in understanding large-scale structures of the universe and
CMB anisotropies [27]. In the Newtonian gauge, the perturbed metric takes the form
g + σ = −(1 + 2φ)dt2 + (1− 2ψ)a2h. (3.44)
where φ and ψ are sufficiently smooth functions on M satisfying 1 + 2φ > 0 and 1− 2ψ > 0. With
the Newtonian gauge, we have the following C0 extension theorem.
Corollary 3.12. Let (M, g + σ) be a perturbed Milne-like spacetime in the Newtonian gauge. If φ
and ψ are well-behaved at ∂−M and 1 + 2φ > 0 and 1− 2ψ > 0 on ∂−M , then (M, g + σ) admits a
C0 extension.
Proof. The hypotheses 1 + 2φ > 0 and 1− 2ψ > 0 on ∂−M imply that g + σ is a Lorentzian metric
for all points on ∂−M . Hence the result follows from theorem 3.10.
3.4 Some speculative ideas on the origins of the missing antimatter
No good cosmological model comes without its own speculative theory about the origins of the
universe. You know. Those theories which almost certainly have no way of being experimentally
verified. For amusement we end this paper with our own speculations on the missing antimatter.
Assuming a CPT invariance theorem in general relativity, Villata has shown that matter and
antimatter are repulsive [24]. From proposition 2.7 the comoving observers emanate from the origin
O ∈Mext. Perhaps there was some physical event which occurred at O and it created large amounts
of both matter and antimatter in equal parts. Perhaps an inflationary era was a consequence of the
repulsion between matter and antimatter at this event.
Let’s sketch the argument Villata gives in [24] which shows the repulsive behavior of matter and
antimatter. Consider a particle γ, i.e. a world line. The geodesic equation for γ is
d2γµ
ds2
= −Γµαβ
dγα
ds
dγβ
ds
. (3.45)
where γµ = xµ◦γ. Our coordinates are the spherical coordinates (T,R, ω). Assuming CPT invariance
does hold in general relativity2, then physical laws should be invariant under the combined operation
of PT: dxµ → −dxµ and C: q → −q. Since we’re just looking at the gravitational field, we will not
make use of the operation q → −q. So if we apply CPT invariance to the geodesic equation (3.45), we
see that dγµ/ds gets one negative sign, d2γµ/ds2 gets one negative sign, and Γµαβ gets one negative
sign. Therefore all the negative signs cancel and we are left with our original equation which is what
we expect from CPT invariance.
Now suppose we generate a gravitational field Γµαβ by ordinary matter. Imagine Γ
µ
αβ being
generated by some large dust cloud. What happens when we place an antimatter test particle γA in
the vicinity of Γµαβ? By CPT invariance, switching a test particle γ to its antimatter test particle
partner γA is equivalent to performing a PT transformation. Therefore the trajectory of γA differs
from γ by making the switch dγµ → −dγµA but leaving Γµαβ unchanged in the geodesic equation.
The result is
2For our purposes we would only need a CPT theorem on a spacetime conformal to Minkowski space. This may be
possible since the authors of [12] prove the CPT theorem in a Lagrangian setting and show that their proof generalizes
to other spacetimes which admit vector space structures.
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d2γµA
ds2
= Γµαβ
dγαA
ds
dγβA
ds
(3.46)
Thus regular matter creating a field Γµαβ repels an antimatter test particle. Likewise, an anti-
matter field repels ordinary matter test particles. More generally, given any field Γµαβ made up of
both matter and antimatter, if γ and γA are the worldlines of a matter and antimatter test particles,
respectively, then we find
d2γµA
ds2
= −d
2γµ
ds2
. (3.47)
Therefore γµ and γµA travel opposite paths in spacetime.
Now let’s imagine there was some tremendous event at the big bang O which created lots of
matter and antimatter in equal parts. Then equation (3.47) implies, in particular, γTA = −γT, so
the antimatter flies off in the −T direction while the normal matter flies off in the T direction. See
figure 3.4.
If this is the case, then perhaps the arrow of time is not absolute. By arrow of time we mean
increasing entropy. If ∂/∂T dictated the arrow of time for all T, then entropy would be always
increasing. In this case figure 3.4 would represent some sort of bounce universe. However this goes
against the fact that our universe started with very low entropy. Instead perhaps the arrow of time
switches at O. Entropy decreases as we look further back in time until we reach O. If we keep
looking ‘back in time’, we may find an antimatter universe with increasing entropy, and hence, a
reversal in the arrow of time.3 Perhaps the fact that matter and antimatter are always created in
equal parts is the universe’s way of obeying some sort of obscure conversation law for entropy.
Arrow of time
Arrow of time?
T
−T
R
R
Us
Antimatter?
Figure 4: Matter and antimatter traveling in separate Milne-like spacetimes with opposite time-orientations
induced by their arrows of time.
Again this theory is just speculation. However, the fact that Milne-like models admit spacetime
extensions shows that our universe might not be a closed system, and it allows one to ponder what
possible physics could exist in the extension. Is there something physical that can explain our low
entropy universe and/or the missing antimatter? What about dark energy? Or an inflationary era?
To solve these puzzling mysteries, perhaps one has to think outside the universe.
3See also [4].
16
References
[1] J. K. Beem, P. E. Ehrlich, and K. L. Easley,Global Lorentzian geometry, second ed., Monographs
and Textbooks in Pure and Applied Mathematics, vol. 202, Marcel Dekker Inc., New York, 1996.
[2] A. Benoit-Le´vy and G. Chardin, Introducing the Dirac-Milne universe, 2012, arxiv:1110.3054.v2.
[3] S. Carroll, Spacetime and geometry, Addison Wesley, San Francisco, CA, 2004, An introduction
to general relativity.
[4] S. Carroll and J. Chen, Spontaneous Inflation and the Origin of the Arrow of Time, 2004,
arXiv:hep-th/0410270.
[5] D. Christodoulou, The instability of naked singularities in the gravitational collapse of a scalar
field, Ann. of Math. (2) 149 (1999), no. 1, 183–217.
[6] P. T. Chrus´ciel and J. D. E. Grant, On Lorentzian causality with continuous metrics, Classical
Quantum Gravity 29 (2012), no. 14, 145001, 32.
[7] M. Dafermos, Stability and instability of the Cauchy horizon for the spherically symmetric
Einstein-Maxwell-scalar field equations, Ann. of Math. (2) 158 (2003), no. 3, 875–928.
[8] M. Dafermos, The interior of charged black holes and the problem of uniqueness in general
relativity, Comm. Pure Appl. Math. 58 (2005), no. 4, 445–504.
[9] M. Dafermos, Black holes without spacelike singularities, Commun. Math. Phys. 332 (2014),
729–757.
[10] G. Galloway and E. Ling, Some Remarks on the C0-inextendibility of Spacetimes, 2016,
arXiv:1610.03008.
[11] G. Galloway, E. Ling, and J. Sbierski, Timelike completeness as an obstruction to C0-extensions,
2017, arXiv:1704.00353v3
[12] H. Greaves and T. Thomas, On the CPT theorem, Studies in History and Philosophy of Science
Part B: Studies in History and Philosophy of Modern Physics 45, 46-65, 2013.
[13] S. W. Hawking and G. F. R. Ellis, The large scale structure of space-time, Cambridge University
Press, London, 1973, Cambridge Monographs on Mathematical Physics, No. 1.
[14] M. Kamionkowski and E. D. Kovetz, The Quest for B Modes from Inflationary Gravitational
Waves, 2015, arXiv:1510.06042.v1
[15] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation, W. H. Freeman and Co., San
Francisco, Calif., 1973.
[16] B. O’Neill, Semi-Riemannian geometry, Pure and Applied Mathematics, vol. 103, Academic
Press Inc. [Harcourt Brace Jovanovich Publishers], New York, 1983.
[17] A. Ori, Structure of the singularity inside a realistic rotating black hole, Phys. Rev. Lett. 68
(1992), no. 14, 2117–2120.
[18] R. Penrose, Singularities of spacetime, Symposium on Theoretical Principles in Astrophysics
and Relativity (University of Chicago) (1978), eds. Lebovitz, Reid, Vandervoort, University of
Chicago, 1981.
[19] R. Penrose, The Road to Reality, Random House Inc. [Vintage Books], New York, 2004.
17
[20] R. Penrose, Cycles of Time, Random House Inc. [Vintage Books], New York, 2010.
[21] H. Ringstro¨m, Cosmic censorship for Gowdy spacetimes, Living Reviews in Relativity 13 (2010),
no. 2.
[22] Clemens Sa¨mann, Global hyperbolicity for spacetimes with continuous metrics, Ann. Henri
Poincare´ 17 (2016), no. 6, 1429–1455.
[23] J. Sbierski, The C0-inextendibility of the Schwarzschild spacetime and the spacelike diameter in
Lorentzian Geometry, 2015, arXiv:1507.00601v2 (to appear in J. Diff. Geom.).
[24] M. Villata, CPT symmetry and antimatter gravity in general relativity, Europhysics Letters
(EPL), 94 (2011), no. 2.
[25] R. G. Vishwakarma, A Curious Explanation of Some Cosmological Phenomena, 201, arXiv:
1306.1809v1.
[26] W. Wald, General Relativity, University of Chicago Press, Chicago, IL, 1984
[27] S. Weinberg, Cosmology, Oxford University Press, New York, 2008.
18
